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Abstract
The generalization of the n-dimensional cube, an n-dimensional chain, the
exterior derivative and the integral of a differential n-form on it are intro-
duced and investigated. The analogue of Stokes theorem for the differential
space is given.
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1 Introduction
This article is the fifth of the series of papers concerning integration of differential
forms and densities on differential spaces. We describe our generalization of the
theory of integration of smooth skew-symmetric forms on cubes and chains.
In Section 2 we present definition and properties of so called point differential
forms on differential spaces. We prove the theorem about the local representa-
tion of such forms (Theorem 1). Section 3 of the paper contains basic definitions
and the description of preliminary facts concerning generalized cubes and chains.
We define the notion of a generalized n-dimensional smooth cube on the differ-
ential space (M, C), the notion of a smooth n-dimensional chain of generalized
smooth cubes on (M, C) and the integral of a smooth point n-form on a smooth
n-dimensional chain. In Section 4 we prove the existence of integrals for a wide
class of smooth chains and skew-symmetric forms. To formulate this results we
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introduce the classes of cubes, chains and point forms smoothly extendable with
respect to the family G of generators of a differential structure C on a setM . At the
end of the paper we give an analogue of Stokes theorem in the case of smoothly
extendable forms and chains (Theorem 3). To do that we introduce the boundary
of generalized n-dimensional chain (Definition 13).
Without any other explanation we use the following symbols: N - the set of
natural numbers; Q - the set of rational numbers; R - the set of reals.
2 Point forms
Let (M, C) be a differential space and let TM = ⊔m∈M TmM be the space tangent
to (M, C) (the disjoint union of point tangent spaces). Let pi : TM → M be the
natural projection, i.e. pi(v) = m for any v ∈ TmM . We endow TM with
the differential structure T C generated by the family of function {α ◦ pi, α ∈
C} ∪ {dα, α ∈ C}, where dα : TM → R, dα(v) = v(α) (see [2], Definition
2.4 and remarks after this definition). Then the map pi is smooth with respect to
differential structures C and T C.
Definition 1. A map ω : TM → R is called a point 1-form if for any m ∈
M ωm = ω|TmM is an R-linear mapping. A point 1-form ω is said to be smooth
if ω ∈ T C (see [7]).
Let us take the notation:
T kM = {(v1, . . . , vk) ∈ TM × . . .× TM : pi(v1) = . . . = pi(vk)},
τkC = (T C⊗ˆ . . . ⊗ˆT C)T kM for k = 1, 2, . . .
(see [2], remarks after Proposition 2.2).
Let pii : T kM → TM for i = 1, . . . , k be a map given by the formula
pii(v1, . . . , vk) = vi, (v1, . . . , vk) ∈ T kM.
Definition 2. A map ω : T kM → R is called a point k-form if for any m ∈
M ωm = ω|TmM is a k-linear mapping. A point k-form ω is said to be smooth if
ω ∈ τkC (see [7]).
Lemma 3. Let W be an open set in Rm, U – an open neighborhood of
zero in Rn and σ : W × U → R – a C∞-function. If for a point (w, u) =
(w1, . . . , wm, u1, . . . , un) ∈ W × U there exist a < 0 and b > 1 such that for any
t ∈ (a; b) the point (w, tu) ∈ W × U and σ(w, tu) = tσ(w, u) then
σ(w, u) =
n∑
i=1
∂σ
∂ui
(w, 0) · ui.
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Proof. Since the map (a; b) ∋ t 7→ σ(w, tu) = tσ(w, u) ∈ R is well defined
and smooth on (a, b) we have
σ(w, u) =
d
dt
(tσ(w, u)|t=0 =
d
dt
(σ(w, tu)|t=0 =
n∑
i=1
∂σ
∂ui
(w, 0) · d(tui)
dt
=
n∑
i=1
∂σ
∂ui
(w, 0) · ui.

Using induction we can extend this result to the following one.
Lemma 4. Let W be an open set in Rm and let for any j = 1, 2 . . . , k a
set U j be an open neighborhood of zero in Rnj (n1, . . . , nk ∈ N). Suppose that
σ : W×U1×. . .×Uk → R is aC∞-function, (w, u1, . . . , uk) ∈ W×U1×. . .×Uk
and there exist a < 0 and b > 1 such that for any t1, . . . , tk ∈ (a; b) we have
(w, t1u
1, . . . , tku
k) ∈ W × U1 × . . .× Uk and
σ(w, t1u
1, . . . , tku
k) = t1t2 · · · tkσ(w, u1, . . . , uk).
Then
σ(w, u1, . . . , uk) =
n1∑
j1=1
· · ·
nk∑
jk=1
∂kσ
∂u1j1 . . . ∂u
k
jk
(w, 0, . . . , 0)u1j1 · · ·ukjk .

Theorem 1. If ω : T kM → R is a smooth point k-form on a differential space
(M, C) then for any m ∈ M there exist a neighborhood Wm of m, a number
n ∈ N, functions α1, . . . , αn ∈ C and for any i1, . . . , ik ∈ {1, 2, . . . , n} a function
ωi1...ik ∈ C such that
ω|T kWm =
n∑
i1...ik=1
[(ωi1...ik ◦ pi ◦ pi1)dαi1 ⊗ . . .⊗ dαik ]|T kWm, (1)
where T kWm =
⊔
p∈Wm
T kmWm, pi : TM → M is the natural projection and pii :
T kM → TM is described after Definition 1.
Remark 5. Taking into account that functions ωi1...ik and αj depend only on
p ∈ Wm we will abbreviate formula (1) writing
ω =
n∑
i1...ik=1
ωi1...ikdαi1 ⊗ . . .⊗ dαik on Wm. (2)
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Proof of the theorem. It follows from the definition of the differential structure
τkC (see [2]) that there exist: a neighborhood V˜ of the point (0m, . . . , 0m) ∈
T kmM in T kM (where 0m is the neutral element of the vector space Tm), functions
β01 , . . . , β
0
n0
, β11 , . . . , β
1
n1
, . . . , βk1 , . . . , β
1
nk
∈ C and a function σ ∈ C∞(Rn), where
n = n0 + n1 + . . .+ nk, such that for any (v1, . . . , vk) ∈ V˜
ω(v1, . . . , vk) =
σ(β01(pi(v1)), . . . , β
0
n0
(pi(v1)), dβ
1
1(v1), . . . , dβ
1
n1
(v1), . . . , dβ
k
1 (vk), . . . , dβ
k
nk
(vk)).
Reducing V˜ , if necessary, we can assume that V˜ = β−1(U0 × U1 × . . . × Uk),
where β : T kM → Rn is given by the formula
β(v1, . . . , vk) =
(β01(pi(v1)), . . . , β
0
n0
(pi(v1)), dβ
1
1(v1), . . . , dβ
1
n1
(v1), . . . , dβ
k
1 (vk), . . . , dβ
k
nk
(vk)),
(v1, . . . , vk) ∈ T kM
and U j ⊂ Rnj is an open nj-dimensional interval (cube) for j = 0, 1, . . . , k (see
[1], Stwierdzenie 2.7 or [8]). Note that if (t1, . . . , tk) ∈ Rk and (v1, . . . , vk) ∈ V˜
fulfill the condition
(t1dβ
1
1(v1), . . . , t1dβ
1
n1
, . . . , tkdβ
k
1 , . . . , dβ
k
nk
) ∈ U1 × . . .× Uk
then
(t1v
1, t2v
2, . . . , tkv
k) ∈ V˜ .
Taking W := (pi ◦ pi1)(V˜ ), w := β0(pi(v1)) := (β01(pi(v1)), . . . , β0n0(pi(v1))
and uj := (dβj1(vj), . . . , dβjnj(vj)) ∈ Rnj for j = 1, . . . , k we obtain that the
sets W,U1, . . . , Uk, the point (w, u1, . . . , uk) and the map σ fulfill conditions of
Lemma 4. By the thesis of this lemma
ω(v1, . . . , vk) =
n1∑
j1=1
· · ·
nk∑
jk=1
∂kσ
∂u1j1 . . . ∂u
k
jk
(
w, 0, . . . , 0
)
dβ1j1(v1) · · · dβkjk(vk)
=
n1∑
j1=1
· · ·
nk∑
jk=1
∂kσ
∂u1j1 . . . ∂u
k
jk
(
β0(pi(v1)), 0, . . . , 0
)
dβ1j1 ⊗ · · · ⊗ dβkjk(v1, . . . , vk).
(3)
Note that the function T kM ∋ (v1, . . . , vk) 7→ ∂kσ∂u1j1 ...∂ukjk
(
β0(pi(v1)), 0, . . . , 0
)
∈
R belongs to C. Putting αi := β0i for i = 1, 2, . . . , n0, αn0+n1+...+nl+i := βl+1i for
l = 0, 1, . . . , k − 1 and i = 1, . . . , nl+1, n := n0 + n1 + . . . + nk, ωi1...in(q) :=
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∂kσ
∂u1j1
...∂ukjk
(
β0(q), 0, . . . , 0
)
if dαi1 ⊗ . . .⊗ dαik = dβ1j1 ⊗ · · ·⊗ dβkjk (q ∈ W ) and
ωi1...in(q) := 0 if dαi1 ⊗ . . . ⊗ dαik does not appear in (3), we obtain that (1) is
true if we change T kWm onto V˜ . Hence, by k-linearity of ω, it follows that (1)
holds for T kWm, where Wm =W . 
For any smooth map F of a differential space (M, C) into a differential space
(N,D) (we denote it writing F : (M, C) → (N,D)) and any smooth k-form ω on
(N,D) one can define the smooth k-form F ∗ω by the formula:
(F ∗ω)(v1, . . . , vk) = ω(TFv1, . . . , TFvk), (v1, . . . , vk) ∈ T kM,
where the tangent map TF : TM → TN is defined as follows
(TFv)(f) = v(f ◦ F ), v ∈ TM, f ∈ D.
Note that for any m ∈M the map TF|TmM is linear.
Proposition 1. If we denote F = (α0, . . . , αn) : Wm → Rn in the proof of
Theorem 1 then the equality (2) can be written in the form
ω|Wm = (F
∗η)|Wm
(here we consider ω as a section of the k-power of cotangent bundle onM), where
η =
n∑
i1...ik=1
ηi1...ikdui1 ⊗ · · · ⊗ duik is the smooth k-linear form on Rn given as
follows
ηi1...ik(u) =
∂kσ
∂un0+i1 . . . ∂un0+n1+...+nk−1+ik
(u1, . . . , un0, 0, . . . , 0)
if dαi1 ⊗ . . .⊗ dαik = dβ1j1 ⊗ · · · ⊗ dβkjk for some 1 ≤ j1 ≤ n1, . . . , 1 ≤ jk ≤ nk
and
ηi1...ik(u) = 0
in other cases.
Proof. It follows from the fact that for any n0 < i < n, any q ∈ Wm and any
v ∈ TqM
F ∗dui(v) = (TFv)(ui) = v(ui ◦ F ) = v(αi) = dαi(v).

Remark 6. It is easy to see that if G is an arbitrary family of generators of
the differential structure C then in the formulation of Theorem 1 and Proposition
1 we can put G instead of C preserving only the condition: ωi1...ik ∈ C. For the
definition and basic properties of a set of generators of a differential structure see
[1], [2], [3] or [4].
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In the following part of the paper we will be interested only in skew-symmetric
k-forms. In this case equalities (1) and (2) take the form
ω =
∑
1≤i1<...<ik≤n
ωi1...ikdαi1 ∧ . . . ∧ dαik on Wm. (4)
3 Definition of the integral on generalized cubes and
chains
Definition 7. The Cartesian product [0, 1]n of n unit intervals is called the
standard n-dimensional interval. A continuous mapping ϕ : [0, 1]n → A is said
to be n-dimensional cube in a topological space A. If (M, C) is a differential
space, then the cube ϕ : [0, 1]n →M is smooth when ϕ : ([0, 1]n, C∞([0, 1]n)) →
(M, C), i.e. ϕ is a smooth mapping on the differential space ([0, 1]n, C∞([0, 1]n))
into the differential space (M, C). The integral of a smooth point n-form ω (on
M) on a smooth cube ϕ is defined as the number∫
ϕ
ω :=
∫
[0,1]n
ϕ∗ω,
where ϕ∗ω is the pullback of the form ω onto the interval [0, 1]n.
Example 1. Let M = Q be the set of rational numbers and C := C∞(R)Q.
Then for any number n ∈ N only constant functions are n-dimensional cubes in
M . If ϕ is a constant cube (of any dimension) and ω is a point form on Q (the
same dimension), than ϕ∗ω ≡ 0. So we have ∫
ϕ
ω = 0. 
It follows from the example above that the standard integration theory might
be trivial on some differential spaces. In fact, on the space (Q, C∞(R)Q) there
are non trivial point 1-forms, such as ω = d(idQ), but all integrals of such forms
vanish. We would like to generalize integration theory in a way, which enables us
to omit this inconvenience. We have to give the generalization of n-dimensional
cubes and chains. In order to do this we will use the theory of completions and
compactifications of a differential space described in [2]. At first we will extend
smooth functions.
Let (M, C) be a differential space such that M is Hausdorff space and C is
generated by the family of functions G, which defines uniform structure UG on M
(see [2]). Any function f ∈ C which is uniform with respect to UG and standard
uniform structure on R can be extended in the univocal way to the continuous
function on the completion complGM of the uniform space (M,UG). In particular
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any function g ∈ G can be extended to the continuous function g˜ on complGM .
The localization of the differential structure complGC generated by the family
G˜ = {g˜ : complGM → R : g ∈ G} to the set M is equal to C. If G = C, then
any function α ∈ C can be extended to α˜ ∈ complCC on the maximal differential
completion complCM .
Definition 8. A generalized n-dimensional smooth cube on the differential
space (M, C) is any smooth mapping ϕ : (D,C∞(Rn)D) → (M, C) defined on
the set D dense in [0; 1]n.
If G is such a set of the generators of the structure C, that ϕ is uniform with
respect to uniform structure UG on M (and standard uniform structure on D), then
ϕ can be extended to n-dimensional cube ϕ˜ : [0; 1]n → complGM (not necessarily
smooth with respect to complGC).
Example 2. LetM be the set of all square roots of rational numbers belonging
to the interval (0; 1). A mapping
ϕ(x) =
√
x; x ∈ (0; 1) ∩Q,
is a generalized smooth 1-dimensional cube in the space (M,C∞(R)M) and it is
uniform with respect to the uniform structure UG defined by G = {idM}. But its
extension ϕ˜ : [0; 1]→ complGM = [0; 1],
ϕ˜(x) =
√
x, x ∈ [0; 1],
is not smooth with respect to complGC = C∞([0; 1]). 
If ϕ : D →M is a generalized n-dimensional smooth cube on the differential
space (M, C), and ω is a smooth point n-form on M , then the pullback ϕ∗ω is a
smooth point n-form on D. That form is represented by the formula:
[ϕ∗ω](t) = ω0(t)dt
1 ∧ . . . ∧ dtn, t = (t1, . . . , tn) ∈ D,
where ω0 is a smooth function on D. If the function ω0 could be extended to a
continuous function ω˜0 : [0, 1]n → R (the function ω˜0 is given univocally because
D is a dense set in [0, 1]n), then we call the form
ϕ˜∗ω := ω˜0dt
1 ∧ . . . ∧ dtn
the continuous extension of ϕ∗ω on the cube [0, 1]n. In that case we can define the
integral.
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Definition 9. Let ω be a smooth point n-form on the differential space (M, C).
The integral of ω on the generalized n-dimensional smooth cube ϕ : D → M is
the number ∫
ϕ
ω :=
∫
[0,1]n
ϕ˜∗ω,
where ϕ˜∗ω is the continuous extension of n-form ϕ∗ω on the cube [0, 1]n (if the
extension exists).
Similarly as in the case of differential manifolds, we can treat the integral of
the smooth point form on the generalized n-dimensional cube ϕ as a value of
the mapping given on the set of such generalized smooth cubes, that the integral
exists. We can extend that mapping on the set of n-dimensional chains on the
differential space (M, C).
Definition 10. Let Cuben(M, C) be the set of all n-dimensional smooth gen-
eralized cubes on a differential space (M, C). A smooth n-dimensional chain on
(M, C) is any function Φ : Cuben(M, C) → R such that its values are different
from zero on at most finite subset of a set Cuben(M, C). We denote the set of all
smooth n-dimensional chains on (M, C) by Chn(M, C).
The set Chn(M, C) has the natural structure of a vector space over R, as a set
of real-valued functions on Cuben(M, C). ”Zero chain” is the function equal to
zero at each cube. We identify any element ϕ of a set Cuben(M, C) with a chain
Φ ∈ Chn(M, C) such that Φ(ϕ) = 1 and Φ(ψ) = 0 for ψ ∈ Cuben(M, C) \ {ϕ}.
We denote that chain by 1 · ϕ.
If Φ ∈ Chn(M, C), then we define the support of Φ as the set suppΦ =
{ϕ ∈ Cuben(M, C) : Φ(ϕ) 6= 0}. From the definition of a chain we get that the
set suppΦ is finite. If suppΦ = {ϕk, . . . , ϕm}, where k,m ∈ N, k ≤ m and
Φ(ϕj) = cj for j = k, . . . , m, than the chain Φ can be represented by the formula
Φ =
m∑
j=k
cjϕj . (5)
If Φ′ =
∑m
j=1 cjϕj , Φ
′′
=
∑n
j=m+1 cjϕj , then Φ
′
+ Φ
′′
=
∑n
j=1 cjϕj . As-
suming that the input of zero components into the sum (5) is zero and taking
cϕ := Φ(ϕ) we can write Φ =
∑
ϕ∈Cuben(M,C)
cϕϕ.
If ω is a smooth n-dimensional point form on (M, C), then by Cubeωn(M, C)
we denote the set of all ϕ ∈ Cuben(M, C), such that there exists continuous
extension ϕ˜∗ω of the form ϕ∗ω onto [0, 1]n. Similarly, by Chωn(M, C) we denote
the set of all chains Φ = Chn(M, C), such that suppΦ ⊂ Cubeωn(M, C).
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Definition 11. The integral of a smooth point n-form ω on (M, C) on a smooth
chain Φ =
∑n
j=1 cjϕj ∈ Chωn(M, C) is the number∫
Φ
ω =
m∑
j=1
cj
∫
ϕj
ω.
The mapping Chωn(M, C) ∋ Φ 7→
∫
Φ
ω ∈ R is, of course, a linear functional
on Chωn(M, C). We will call the mapping ” integral of the n-form ω”, too.
4 The existence of integrals and Stokes theorem
The problem is that the domain Chωn(M, C) of the integral depends on the form
ω (in the case of integrals of smooth n-forms on ordinary chains on a smooth
manifold we can integrate each smooth n-form on each chain of class C1). In
the first part of this section we will give sufficient conditions for existence of the
continuous or smooth extension ϕ˜∗ω of a point n-form ϕ∗ω from the domain of
the mapping ϕ to [0, 1]n, where ω is a smooth point n-form and ϕ is a generalized
smooth n-dimensional cube on the differential space (M, C) .
If D is a dense subset in [0, 1]n, then the space TtD tangent to the differential
space (D,C∞(Rn)) at the point t = (t1, . . . , tn) ∈ D is an n-dimensional vec-
tor space which can be identified with TtRn ∼= Rn. Its base consists of vectors
∂
∂t1
|t, . . . , ∂∂tn |t. Any mapping D ∋ t 7→ ∂∂tj |t ∈ TD is a smooth vector field on D
(see [4]). On the other hand on TD ⊂ T [0, 1]n = [0, 1]n×Rn there exists the stan-
dard uniform structure inherited from the space [0, 1]n×Rn (given by coordinates
of the mapping TD ∋ ∑nj=1 vj ∂∂tj |t 7→ (t1, . . . , tn, v1, . . . , vn) ∈ [0, 1]n × Rn)
(see [3]). We have:
Proposition 2. Any vector field ∂
∂ti
: D → TD is an uniform mapping with
respect to standard uniform structures on D and TD.
Proof. Let for given ε > 0
Vε := {(
n∑
j=1
vj
∂
∂tj
|t,
n∑
j=1
wj
∂
∂tj
|s) ∈
∈ TD × TD : |tj − sj| < ε ∧ |vj − wj| < ε, j = 1, 2, . . . , n}.
A family {Vε}ε∈(0;+∞) is a base of the standard uniform structure on TD, and a
family {Wε}ε∈(0;+∞), where
Wε := {(t, s) ∈ D ×D : |tj − sj| < ε, j = 1, 2, . . . , n}
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is a base of the standard uniform structure on D. It is clear that if for any j ∈ N
(t, s) = (t1, . . . , tn, s1, . . . , sn) ∈ Wε, than ( ∂∂tj |t, ∂∂sj |s) ∈ Vε. So we have the
thesis (see [3] and [4]). 
Proposition 3. Let G be a family of generators of a differential structure C on
a set M . If ϕ : D → M is such a smooth n-dimensional generalized cube on M
that the tangent mapping Tϕ : TD → TM is uniform with respect to the uniform
structure given on TM by the family T G0, then for any function α ∈ G the point
1-form ϕ∗dα smooth on TD can be extended to the 1-form ϕ˜∗dα continuous on
[0, 1]n.
Proof. The form ϕ∗dα is represented by the formula
ϕ∗dα =
n∑
i=1
∂(α ◦ ϕ)(t)
∂ti
dti, t ∈ D,
where for any i = 1, 2, . . . , n
∂(α ◦ ϕ)
∂ti
(t) = (ϕ∗dα)
∂
∂ti
|t = dα(Tϕ( ∂
∂ti
|t)).
Since the mapping Tϕ is uniform on TD, the vector field ∂
∂ti
is a uniform mapping
with respect toD in TD, and dα is one of functions of the family T G0, so ∂(α◦ϕ)∂ti is
a uniform function on D and it can be extended to the continuous function ∂˜(α◦ϕ)
∂ti
on [0, 1]n (see [3] and [4]). So ϕ∗dα might be extended to the continuous 1-form
ϕ˜∗dα =
∑n
i=1
∂˜(α◦ϕ)
∂ti
(t)dti. 
Conclusion 1. Let the assumptions of the previous proposition be satisfied.
Then for all α1, . . . , αk ∈ G the point k-form ϕ∗(dα1∧ . . .∧dαk) can be extended
to the k-form ˜ϕ∗(dα1 ∧ . . . ∧ dαk), which is continuous on [0, 1]n.
Proof. We have:
ϕ∗(dα1 ∧ . . . ∧ dαk) = (ϕ∗dα1) ∧ . . . ∧ (ϕ∗dαk).
So ϕ∗(dα1 ∧ . . . ∧ dαk) could be extended to the k-form
˜ϕ∗(dα1 ∧ . . . ∧ dαk) := (ϕ˜∗dα1) ∧ . . . ∧ (ϕ˜∗dαk). 
Proposition 4. Let the assumptions of Proposition 3 be satisfied. Let k,m ∈
N, α1j , . . . , α
k
j ∈ G for j = 1, 2, . . . , m and functions β1, . . . , βm : M → R are
uniform with respect to the uniform structure UG on M , then the point k-form
η := ϕ∗(
∑m
j=1 βjdα
1
j ∧ . . . ∧ dαkj ) can be extended to the k-form η˜, which is
continuous on [0, 1]n.
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Proof. Since η = ∑mj=1(βj ◦ ϕ)ϕ∗(dα1j ∧ . . . ∧ dαkj ) it is enough to take
η˜ =
∑m
j=1(β˜j · ϕ) · ˜ϕ∗(dα1j ∧ . . . ∧ dαkj ) (see Conclusion 1). 
Proposition 5. Let η be a smooth point k-form on a differential space (M, C),
and G be a family of generators of the differential structure C. Then for any p ∈M
there exists a neighborhood U , a number m ∈ N, functions α1j , . . . , αkj ∈ G for
j = 1, 2, . . . , m and functions β1, . . . , βm ∈ C uniform with respect to the uniform
structure UG such that
η|U =
m∑
j=1
βj|U (dα
1
j )|U ∧ . . . ∧ (dαkj )|U .
Proof. It follows from Theorem 1 and Remark 6 that there exists a neighbor-
hood Wp of p such that η can be written in the form (4) on Wp. Let us fix any 1-1
map J : {1, 2, . . . , n!
k!(n−k)!
} → {(i1, . . . , ik) ∈ Nk : 1 ≤ i1 < i2 < . . . < ik ≤ n}
and let J(j) = (i1(j), . . . , ik(j)). Then putting m := n!k!(n−k)! , ωj := ωJ(j) and
αrj := αir(j) for any j ∈ {1, 2, . . . , m} and 1 ≤ r ≤ k we obtain that
η|Wp =
m∑
j=1
ωJ(j)|Wp(dα
1
j ∧ . . . ∧ (dαkj ))|Wp, (6)
where α1j , . . . , αkj ∈ G for j = 1, 2, . . . , m and functions ω1, . . . , ωm ∈ C (the
number m, functions α1j , . . . , αkj and ω1, . . . , ωm could depend on Wp). Recall
now that ωj = 0 or ωj is the superposition of the smooth map β0 ∈ Gn0 which
takes a value in an n0-dimensional interval U0 and a smooth function (partial
derivative ∂kσ
∂u1j1
...∂ukjk
) defined onRn0 (see proof of Theorem 1). Since ∂kσ
∂u1j1
...∂ukjk |U0
is an uniform function on U0 and coefficients of β0 are uniform functions with
respect to the uniform structure UG on M (as members of G) we obtain that ωj are
uniform with respect to UG on the set U := Wp as the superposition of uniform
mappings. The thesis follows now from (6). 
Theorem 2. Let η be a smooth point k-form on a differential space (M, C),
and G be a family of generators of the differential structure C. Let us assume that:
(i) there exists an open finite covering {Ui}i∈I (I = {1, . . . , q}, q ∈ N) of the
space M , such that for any i ∈ I there exist a number mi ∈ N, functions
α1i,j , . . . , α
k
i,j ∈ G for j = 1, . . . , mi and functions βi,1, . . . , βi,mi ∈ C uniform
with respect to the uniform structure UG such that η|Ui =
∑mi
j=1 βi,j|Ui
(dα1i,j)|Ui ∧
. . . ∧ (dαki,j)|Ui;
(ii) there exist a smooth partition of unity {γi}i∈I subordinated to the covering
{Ui}i∈I such that any function γi, i ∈ I , is uniform with respect to UG . Then for
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any smooth n-dimensional generalized cube ϕ : D →M such that Tϕ is uniform
with respect to T G0, k-form ϕ∗η is smooth on D and could be extended to the
k-form ϕ˜∗η continuous on [0, 1]n.
Proof. We have η = ∑i∈I γiη, and ϕ∗η = ∑i∈I ϕ∗(γiη). But for any i ∈ I
suppγi ⊂ Ui so we have
γiη =
mi∑
j=1
γi · βi,jdα1i,j ∧ . . . ∧ dαki,j.
Therefore
ϕ∗(γiη) =
mi∑
j=1
(γi ◦ ϕ)ϕ∗[βi,jdα1i,j ∧ . . . ∧ dαki,j]
and the form could be extended on [0, 1]n to the k-form
ϕ˜∗(γiη) :=
mi∑
j=1
(γ˜i ◦ ϕ)ϕ∗[ ˜βi,jdα1i,j ∧ . . . ∧ dαki,j]
(see Proposition 4). Hence ϕ∗η could be extended to the k-form
ϕ˜∗η =
∑
i∈I
ϕ˜∗(γiη). 
If a point k-form η and a smooth generalized n-dimensional cube ϕ on a dif-
ferential space (M, C) satisfy the assumptions of Theorem 2, then there exists ∫
ϕ
η
(of course it is equal to zero for n 6= k). Similarly if Ψ is a smooth n-dimensional
chain on (M, C) and each cube ϕ ∈ suppΨ together with a point k-form η satisfy
the assumptions of Theorem 2 then there exists
∫
Ψ
η.
For the further development of the theory of integration we need a generaliza-
tion of the operation of boundary. The operation prescribes to any n-dimensional
cube ϕ an (n−1)-dimensional chain ∂ϕ. It is connected with Stokes theorem and
justifies the concept of chain. Standardly we can extend this operation to the set of
chains. For any n-dimensional chain Φ =
∑n
j=1 cjϕj we have ∂Φ =
∑n
j=1 cj∂ϕj .
To introduce the operation of boundary on generalized cubes and chains in
differential spaces we need some new concepts.
Definition 12. Let G be a family of generators of a differential structure C on a
set M . We call a smooth generalized n-dimensional cube ϕ : D → M on (M, C)
smoothly extendable with respect to G if the tangent mapping Tϕ is uniform with
respect to the uniform structure given on TM by the family T G0 (see [2]) and its
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continuous extension T˜ ϕ : [0; 1]n × Rn → complT G0TM is a smooth map with
respect to differential structures C∞([0; 1]n × Rn) and complT G0T C respectively.
The chain Φ ∈ Chn(M) is smoothly extendable with respect to G when every cube
ϕ ∈ suppΦ is smoothly extendable with respect to G. The smooth point k-form η
on M is said to be smoothly extendable with respect to G if there exists a smooth
point k-form η˜ on complGM , such that η = ι∗(η˜), where ι : M → complGM
is the natural embedding (for a point p ∈ M we put its filter of neighborhoods
ι(p) = Fp – see [2]).
Let pi : TM → M be the canonical projection. Then for each set of gen-
erators G of the differential structure C the mapping pi is uniform with respect
to uniform structures UT G0 and UG (from definitions of pi and UT G0). More-
over for each differential space (N,D) and each F : (N,D) → (M, C) we
have pi ◦ TF = F . So the fact that a smooth generalized n-dimensional cube
ϕ : D → M is smoothly extendable implies that ϕ is a uniform mapping and its
extension ϕ˜ : [0, 1]n → complGM is smooth, i.e. it is a smooth n-dimensional
cube on complGM .
Definition 13. Let ϕ : D → M be a smooth generalized n-dimensional cube
on a differential space (M, C), smoothly extendable with respect to some family
of generators G of the structure C. We define the boundary of ϕ with respect to G
as the n-dimensional smooth chain ∂Gϕ on complGM given by the formula:
∂Gϕ =
n∑
i=1
∑
α=0,1
(−1)i+αϕ˜(i,α),
where ϕ˜(i,α) = ϕ˜ ◦ (In(i,α)) is the (i, α)-face of the cube ϕ˜,
In(i,0)(x) = (x
1, . . . , xi−1, 0, xi, . . . , xn−1),
In(i,1)(x) = (x
1, . . . , xi−1, 1, xi, . . . , xn−1)
and ϕ˜ is the smooth extension of ϕ on complGM .
It is easy to see that ∂Gϕ = ∂G˜ϕ˜, where G˜ is the family of extensions of
elements of the set G on complGM .
Definition 14. The boundary of a generalized n-dimensional chainΦ =∑mj=1 cjϕj
on the differential space (M, C) smoothly extendable with respect to a family of
generators G of the structure C we call the (n− 1)-dimensional chain:
∂GΦ :=
m∑
j=1
cj∂Gϕj,
where {ϕ1, . . . , ϕm} = suppΦ.
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For formulating the analogue of Stokes theorem we need a mapping that will
be an analogue of the exterior derivative. That mapping should be a generalization
of the exterior derivative on manifolds and it should linearly maps k-forms to
(k + 1)-forms. It should also commute with pullback of forms. Next example
shows that we can not give such mapping uniquely even on smooth extendable
forms.
Example 3. Let M = {(x, y) ∈ R2 : xy = 0}, and C = C∞(R2)M . Then the
zero 1-form on (M, C) could be extended to the zero 1-form onR2 and to the form
η = xdy− ydy. We have: dη = 2dx∧ dy. Moreover if by ι :M → R2 we denote
the natural embedding, then ι∗(dx∧dy) = dx∧dy 6= 0, because dx∧dy|T0M 6= 0,
while ι∗(0) = 0. 
If G is a family of bounded generators of a differential structure C on a set M
(we can assume that if g ∈ G, then |g| ≤ 1), then the completion complGM is a
differential compactification comptGM (see [2]).
Proposition 6. Let the previous assumption for G be satisfied. Then any point
k-form η that is smoothly extendable with respect to G can be extended to a smooth
k-form η1 on [−1, 1]G .
Proof. Let η˜ be such a smooth point k-form on complGM that η = i∗η˜, where
i is the natural embedding M into complGM . Let G˜ be the set of all continuous
extensions of elements of G onto complGM . Since G˜ is a family of generators of
the differential structure complGC = C∞([−1; 1]G)complGM we can choose for any
p ∈ complGM a neighborhoodWp such that (4) holds for the form η˜ and for some
α˜ij ∈ G˜. If we take a set Vp open in [−1; 1]G and such that Wp = complGM ∩ Vp
then the same formula defines the point k- form η˜p on Vp. But the space complGM
is compact and therefore there exists n ∈ N and p1, . . . , pn ∈ complGM such that
complGM ⊂
n⋃
j=1
Vpj . Putting V0 := [−1; 1]G \ complGM , Vj := Vpj and η˜j := η˜pj
for j = 1, . . . , n we obtain the open finite covering {V0, V1, . . . , Vn} of [−1; 1]G .
Let {γ0, γ1, . . . , γn} be a smooth partition of unity subordinated to the covering.
Than any γj η˜j , j = 1, . . . , n, can be in a standard manner extend to [−1; 1]G
(we take (γj η˜j)|[−1;1]G\Wj = 0). Taking η1 :=
n∑
j=1
γj η˜j we obtain the k-form on
[−1; 1]G which fulfils the conditions of the proposition. 
On the differential space ([−1, 1]G , C∞([−1, 1]G)) there is the well definite
operator of exterior derivative d which assigns to any smooth point k-form ω the
smooth (k + 1)-form dω given by the formula
(dω)(v1, . . . , vk+1) =
k+1∑
i=1
(−1)i+1Xi(ω(X1, . . . , Xˆi, . . . , Xk+1))(p)+
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+ . . .
∑
i<j
(−1)i+jω([Xi, Xj], X1, . . . , Xˆi, . . . , Xˆj, . . . , Xk+1)(p), (7)
where v1, . . . , vk+1 ∈ Tp([−1, 1]G), X1, . . . , Xk+1 are vector fields on [−1, 1]G ,
such that Xj(p) = vj for j = 1, 2, . . . , n (such a vector fields exist on a space
which is a Cartesian product of intervals; we can take Xj = const = vj ∈
T [−1; 1]G ∼= RG – see [1], [2], [3] or [4]) and ”∧” means that the variable dis-
appears in that expression.
For any smooth mapping F : [0; 1]n → [−1, 1]G and any smooth point k-
form ω smoothly extendable with respect to G operator d fulfils the equality:
d1(F
∗χ) = F ∗dχ, where on the left hand side there is ”the classical” operator
d1 of the exterior derivative on [0; 1]n. It is the result of (7), definitions and prop-
erties of vector fields. Now we can get the analogue of Stokes theorem.
Theorem 3. If a smooth point k-form η and a smooth generalized n-dimensional
chain Φ are smoothly extendable with respect to a family G of bounded generators
of a differential structure C on a set M , then∫
∂GΦ
η =
∫
Φ
dη˜, (8)
where η˜ is an arbitrary smooth extension of the k-form η on the differential space
([−1; 1]G , C∞([−1; 1]G)) and d is the operator of exterior derivative given by (7).
Proof. It is enough to show equality (8) for any n-dimensional cube ϕ on
(M, C) smoothly extendable with respect to G. We have∫
∂Gϕ
η =
∫
∂([0;1]n)
ϕ˜∗η =
∫
∂([0;1]n)
ϕ˜∗η˜ =
∫
[0;1]n
d1(ϕ˜
∗η˜) =
∫
[0;1]n
ϕ˜∗dη˜ =
∫
ϕ
dη˜,
where d1 is the operator of exterior derivative on [0; 1]n and ϕ˜ is the extension of
ϕ on [0; 1]n. 
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